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Abstract 

A unification model for strong, electromagnetic, weak and gravitational forces 
is proposed. The tangent space of ordinary coordinate 4-dimensional space- 
time is a submanifold of an 14-dimensional internal spacetime spanned by 
four frame fields. The unification of the standard model with gravity is gov- 
erned by gauge symmetry in the internal spacetime. 
One of the great theoretical endeavours in this century is to unify gravitational force 
characterized by the general relativity of Einstein [jl| with all other elementary particle 
forces (strong, electromagnetic and weak ) described by Yang-Mills gauge theory 0. One 
of the difficulties arises from the no-go theorem which was proved based on a local rel- 
ativistic quantum field theory in 4-dimensional spacetime. Most of the attempts to unify 
all basic forces involve higher dimensional spacetime, such as Kaluza-Klein Yang-Mills the- 
ories 0], supergravity theories and superstring theories 0, etc. In the Kaluza-Klein 
Yang-Mills theories, in order to have a standard model gauge group as the isometry group 
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of the manifold, the minimal number of total dimensions has to be eleven Even so, 
the Kaluza-Klein approach is not rich enough to support the fermionic representations of 
the standard model due to the requirement of the Atiyah-Hirzebruch index theorem. The 
maximum supergravity has S0(8) symmetry, its action is usually also formulated as an N=l 
supergravity theory in eleven-dimensional spacetime. Unfortunately, the SO (8) symmetry 
is too small to include the standard model. Consistent superstring theories have also been 
built based on ten-dimensional spacetime. In superstring theories, all the known particle 
interactions can be reproduced, but millions of vacua have been found. The outstanding 
problem is to find which one is the true vacuum of the theory. 

In this note, we will consider an alternative scheme. Firstly, we observe that quarks and 
leptons in the standard model can be unified into a single 16- dimensional representation 
of complex chiral spinors in SO (10) 0. Each complex chiral spinor belong to a single 
4-dimensional representation of S0(l,3). In an unified theory, it is an attractive idea to 
treat these 64 real spinor components on the same footing, i.e., they have to be a single 
representation of a larger group. It is therefore natural to consider S0(l,13) as our unified 
group and the gauge potential of S0(l,13) as the fundamental interaction that unifies the 
four basic forces (strong, electromagnetic, weak and gravitational) of nature. Secondly, 
to avoid the restriction given by no-go theorem and other problems mentioned above, we 
consider the ordinary coordinate spacetime remains to be an 4-dimensional manifold with 
metric g^jj{x), /i, z/=0, 1,2,3. At each point P: x^, there is an d-dimensional flat space 
with d > 4 and signature (1, -1, -1). We assume that the tangent space T4 of at 
point P to be an 4-dimensional submanifold of spanned by four vectors e^(x) /x=0,l,2,3; 
A = 0, 1, ■ ■ ■ , (i — 1 such that 

g^y{x) = e^{x)e^{x)r]AB (1) 

where t^ab = diag.{l, —1, ■ ■ ■ , —1) can be considered as the metric of the fiat space M^. We 
shall call e^(a;) to be the generalized vierbein fields or simply the frame fields. Once the 
the frame fields e^{x) are given, we can always supplement with another d-4 vector fields 
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e^{x) = e^(e^(x)), m = 1, 2, • • • , — 4, such that 

e^ix)(^mi^)VAB = 0, e^{x)e^ {x)r)AB = Qmn (2) 

where Qmn — diag.{—l, •••,—!). e^{x) can be uniquely determined up to an S0(d-4) rota- 
tion. In the flat manifold we can use e^{x) and e^(x) to decompose it into two orthogonal 
manifolds T4 ® Cd-4. Where Cd-4 will consider to be the internal space describing S0(d-4) 
internal symmetry besides the spin and is spanned by the d-4 orthonormal vectors e^{x). 
In the new frame system of the metric tensor is of the form 



(3) 



y J 

With e^{x) and e^{x), we can now deflne the covariant vectors as e^(a:) and e^{x) 
satisfying 

e1{^)et{x)=gt, e"A{x)ei{x) = g^^ (4) 
<{x)ei{x) = 0, e^{x)e^^{x) = 

Under general coordinate transformations and the rotations in M^, e^{x) transform as a 
covariant vector in ordinary coordinate spacetime and a vector in the rotation, e^{x) 
transform as a covariant vector in the Cd-A rotation and a vector in the rotation. For 
a theory to be invariant under both general coordinate transformations and local rotations 
in the flat space M^, it is necessary to introduce affine connection r^^(a;) for general coor- 
dinate transformations and gauge potential Vt^^[x) = —Q^^{x) for d-dimensional rotation 
S0(l,d-1) in Md- These transformations are connected by the requirement that T4 has to 
be the submanifold of Md spanned by four vectors e^{x) at point P and e^{x) should be a 
covariantly constant frame and satisfy the condition 

D,e^ = d,e^ - r;,e^ + gu^^ef = (5) 

It is then easily verified that 
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Df,gpa = d^^gpa - r^^pQxa - ^ia9px = (6) 

D.e^A = d.e^A + T^.^^ - ^t/^M^s = (7) 

With the above considerations, we can now construct an invariant action under general 
coordinate transformations in the ordinary coordinate spacetime and the local S0(l,d-1) 
group symmetry in with eq. (5) as a constraint. In addition, the action is required to 
have no dimensional parameters and to be renormalizable in the sense of the power counting. 
The general form of the action which satisfies these requirements is 

Sb = J d'x^i—F^J'F^fg^^g-^'^r^AcVBD 

- \^<t>'F^.^e^AeB + \rd,4>dA + \m' (8) 

where (/>(x) is a scalar field introduced to avoid the dimensional coupling constants, 
(i=l,2,3), C, i and A are dimensionless parameters. is the field strength defined in a 

standard way 

The tensor F,^ is defined as F^ = F;^fe'^ 

Using the frame fields e^{x) and e^(e^(a;)), we can decompose into three parts 

e''A{x)Vt^^{x)e%{x) (p, a = 0,1,2,3 ) which describe the gravity, and eJ{x)Vt^^ {x)e%{x) 
which characterize gauge interactions, as well as e^{x)Q,^^ {x)e%{x) which connect gravity 
with gauge interactions. From the constraints of eq.(5), we obtain 

gue,A{x)nf{x)e%{x) = T^, - c^aO^^ (10) 
guemA{x)nf{x)el{x) = -emAd^'' (11) 

Similarly, we can reexpress e'^{x)VL'^^ [x)e^{x) as 

e\{x)nf{x)e^{x) = A7(x) - ^(el^^.e^^ - e^d.e^^) (12) 
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where A'^'^{x) = —A^"^{x) (m, n = 1, ■ ■ -, d-4) is the gauge potential for (d-4)-dimensional 
rotation SO (d-4) in Cd-4. 

Note that not all the gauge fields Q^^{x) are simply new propagating fields due to the 
constraints D^e^ = 0. By counting the constraint equations (4 x 4xd), unknowns Q^^{x) 
(with 4d(d-l)/2 degrees of freedom) and e^(x) (with 4xd degrees of freedom) as well as 
(with 40 degrees of freedom for the symmetric parts T^^o-) ~ ^{o-n) '^^ degrees of freedom 
for antisymmetric parts Fj'^^j = — Tfcr/i] ); ^^^^ ^^^^ besides the antisymmetric parts T^^o-]' 
the independent degrees of freedom are (4d + 4(d-4)(d-5)/2). These independent degrees 
of freedom coincide with the degrees of freedom of the frame fields e^(x) and the gauge 
fields v4™"(x) of the group S0(d-4). In addition, the gauge conditions in the coset SO(l,d- 
l)/S0(d-4) lead to additional constraints (4d-10). Thus the independent degrees of freedom 
are reduced to (10 + 4(d-4)(d-5)/2) which exactly match with the degrees of freedom of 
the metric tensor g^u{x) and the gauge fields A'^"'{x) of the group S0(d-4). For d=14, 
the resulting independent degrees of freedom of the fields are sufficient to describe the four 
basic forces. Where the general relativity of the Einstein theory is described by the metric 
tensor. Photon, W-bosons and gluons, that mediate the electromagnetic, weak and strong 
interactions respectively, are different manifestations of the gauge potential A^" {x) of the 
symmetry group SO(IO) 0. The curvature tensor Rf^^.^ and the Ricci tensor Ri^„ = W^j^^g^ 
as well as the scalar curvature R = R^^g'^" are simply related to the field strength F^^^ via 
= guF^J^e''ji^e„B, Rvu = guF^^dXe„B and R = guF^^^e'^e^- It is not difficuh to check 
that R^^'^RTb = F;rFZ + gu^R^.pu.R^"'"'. and R^R^^ = gu^R^pR^'". Where F-"(x) is the 
field strength of the gauge potential A^'^{x) 

= d,Ar - + ^t;(A- - A- A^") (13) 

With these relations, the action Sb can be simply reexpressed as 

Sb = j d'xV^i-^FJTJ'FZ + \d,<t^d^<P + - 

+ («i - \)R^.puaR''''"' + (a2 + OR^.pR^" + asi?' ]} (14) 
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which has the same form as the action of a multiphcatively renormahzed unified gauge theory 
including so-called i?^-gravity and a renormalizable scalar matter field as well a nonminimal 
gravitational-scalar coupling. 

In the real world, there exist three generations of quarks and leptons. Each generation 
of the quarks and leptons has 64 real degrees of freedom. These degrees of freedom will 
be represented by the 64 components of a single Weyl fermion belonging to the 

fundamental spinor representation of SO (1,1 3). The action for fermions is given by 

Sf^J d'x^{^^+e>Xr''{id^ + ^t;Oj^^EBc)*+ + h.c.} (15) 

where T^ab are the generators of the S0(1, d-1) in the spinor representations and given by 
Sab = t[rA,rs]. are the gamma matrices that obey {r^,r^} = 277^^. Note that the 
resulting total action S = Sb + Sp is simple, but it is nontrival for fermionic interactions 
since the gauge potentials fl^^{x) are related to the independent degrees of freedom A'^"'{x) 
and e"^{x) by some nontrival relations given in eqs.(lO), (11) and (12). In particular, the 
supplemented frame fields e^{x) will have a highly nonlinear dependence on the frame fields 
e^{x). 

Now let us consider the conservation laws under the general coordinate transformations 
and local rotation S0(1, d-1). Under the local rotation ^+{x) e~^'^^'^'^^'^'^+{x), it is 
not difficult to find the conservation law as 

D,{V^S^^b) - V^T^AB] ^ (16) 

with 

^% = 5c/^*+e&{r^,SAs}*+ (17) 

TiAB] = -i^[^'+e^rsZ?^*+ - {D^^+)e^^Tn^^] (18) 

The general coordinate transformations lead to the well-known energy-momentum conser- 
vation law as 

D^{^gT,^) ^ V^F^fS-^^ (19) 
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with 

T^u = g>.uC - i^e^i ^H+TaD^^H^ - {Dp^+)Ta^+ ] (20) 
Using the covariantly constant frame fileds e^(x), we can project S^b '^[ab] into 

^pa = ^AB^^^^a ■> (21) 

T[pa] = T[AB]epe^ = Tp„ - T„p (22) 

The angular momentum conservation law becomes 

Dp{^gS^p^) - ^gT^p.^ = (23) 

It is then easy to show that these two conservation laws (eqs.(19) and (23)) are essentially 
the same as occurs in special relativity by noticing the following relations 

- T[H = dpLl^^ ^ dp (xpT/ - x^Ti:) (24) 

Here L^^ is the orbital angular momentum tensor and J^^ = S'^^ + L^^ represents the total 
angular momentum tensor. 

From simple ideas we have provided a unification model for strong, electromagnetic, 
weak and gravitational forces and constructed the action without dimensional parameters 
as the basis for quantum theory of all the basic forces of the elementary particles. Such a 
theory is conjectured to be multiplicative renormalizable though it may remain an effective 
theory of a more fundamental theory. One can find a formal proof of the renormalizability 
of the i?^-gravity with a scalar field in [10]. It was known that in the general relativity 



only the Einstein equations have been tested to be in good with known experimental data 
at the classical level. Thus the general relativity of the Einstein theory may be interpreted 
as a classical theory in the low energy limit, so that the Einstein-Hilbert and cosmological 
terms may be induced as a result of the low energy limit [|1^,|11|]. For instance, these terms 
may result from a spontaneous symmetry breaking. Finally, we would like to comment on 
the so called unitary problem due to the appearance of the higher derivative terms within 



the framework of perturbation theory. The higher derivative terms become important as 
the energy scale goes up to near the Planck scale, at that scale gravitational interaction 
becomes strong so that the treatment by perturbatively expanding the metric fields is no 
longer suitable. Prom gauge theory points of view, the local Lorentz group is not a compact 
group, not all the components of the gauge fields are physical one, additional conditions 
have to be introduced to eliminate those unphysical components. This is similar to the 
case of gauge theories in which gauge conditions have been used to eliminate the unphysical 
modes (time and longitudinal modes for massless gauge fields). Therefore, to solve the 
so called unitary problem in gravitational interactions, a nonperturbative treatment or an 
alternative approach has to be developed. We shall further issue this problem in our future 
investigations. 

We hope that the present model has provided us a new insight for unifying all the basic 
forces within the framework of quantum field theory. Though the ideas and the resulting 
model are both simple, there remains more theoretical work and experimental efforts needed 
to test whether they are the true choice of nature. 
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